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Abstract
The absolutely convergent exponential sum
Sp(θ;m) =
∞∑
n=0
′ exp(−n/m − iθe−pn/m) θ > 0, p > 0
is studied for m →+∞ and fixed p when the parameter θ is allowed to become large such that θ/m remains finite. This situation
corresponds, in general, to the trace in the complex plane of the partial sums of Sp(θ;m) consisting of a multiple spiral structure.
Numerical results are presented to illustrate the accuracy of the expansion.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Let Sp(θ;m) denote the absolutely convergent exponential sum
Sp(θ;m) :=
∞∑
n=0
′ exp(−n/m − iθe−pn/m), (1.1)
where m, θ and p are positive quantities, with m not necessarily being an integer, and the prime on the summation
sign denotes that the first term is halved. The sum Sp(θ;m) has recently been encountered as a leading approximation
in an asymptotic representation for large m of the incomplete Gauss sum Gp(x;m) of order p (>1) in the form
Gp(x;m) :=
m−1∑
n=0
′ exp(pi ixn p) ∼
∞∑
j=0
T jm
− j + σ(x; p). (1.2)
The T j are coefficients with T0 expressible in terms of the exponential sum in (1.1) as
T0 = Sp(−θ;m)− 12e
−iθ (θ = pixm p)
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Fig. 1. Traces of the terms of Sp(θ;m) in the complex plane for (a) θ = 500pi , (b) θ = 900pi , (c) θ = 1800pi and (d) θ = 3500pi when m = 103
and p = 3. The trace originates from the origin and terminates at the end of the principal spiral.
and the function1 σ(x; p) =∑∞k=1(pi ix)kζ(−kp)/k!, where ζ is the Riemann zeta function. The result in (1.2), which
was established in a formal manner in [11], is found to be valid for values of x and m satisfying xm p−1 = o(1), so
that as m → ∞ we necessarily require x → 0+. The geometrical interpretation of this condition corresponds to the
trace in the complex plane of the partial sums of Gp(x;m) consisting of a single, regular spiral.
When the terms are regarded as vectors in the complex plane, the trace of the partial sums of both (1.1) and
Gp(x;m) is found, in general, to exhibit an intricate series of spirals (also known as curlicues). This pattern formation
has been observed in some detail for the Gauss sum when p = 2 in [8] and for integer p ≥ 2 in [3]. There are,
however, two essential differences in the traces between Sp(θ;m) and Gp(x;m). First, the terms of Sp(θ;m) form
a sequence of vectors of decreasing modulus e−n/m , with orientations controlled by the phase component θe−pn/m
which decays to zero as n→∞. And secondly, the trace of Sp(θ;m) converges to a fixed point in the complex plane
corresponding to the value of the absolutely convergent sum (1.1). Examples of the traces for Sp(θ;m) are displayed
in Fig. 1 for different values of θ with m and p fixed. The largest spiral in each figure is the final, principal spiral with
the terminal point representing the value of the absolutely convergent sum Sp(θ;m).
The formation of each curlicue in Fig. 1 is well understood; see [2,4,9]. If we consider the angular separation
∆φn = φn − φn+1 between consecutive segments of the trace of Sp(θ;m), where φn = θe−pn/m , we have
∆φn ' (pθ/m)e−pn/m for large m. This shows that ∆φn decreases monotonically to zero as n increases so that
the final part of the trace is always horizontal. A curlicue corresponds to a reversal of the direction of rotation of
the trace and so will occur whenever ∆φn equals an odd multiple of pi . Consequently, the number N of curlicues
(including that issuing from the origin) in the trace of the partial sums of Sp(θ;m) is determined by
N =
⌈
∆φ0
2pi
⌉
' dχe , χ := pθ
2pim
. (1.3)
The auxiliary variable χ will prove to be fundamental in our discussion of Sp(θ;m).
We believe Sp(θ;m) to be a new type of exponential sum that merits an asymptotic investigation. Although the
connection with the incomplete Gauss sum in (1.2) only applies for χ < 1, our aim here is to determine the large-
m asymptotics of Sp(θ;m) when the auxiliary variable χ is not necessarily restricted to be less than unity. Such
situations result when we allow the parameter θ (which is independent of m) to also become large in such a way that
1 We remark that σ(x; p) ≡ 0 when p is an even integer on account of the trivial zeros of the ζ -function and that, when p > 1, it is an asymptotic
sum as x → 0+.
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the ratio θ/m (and hence χ ) remains finite. From the above discussion, the situation with χ > 1 corresponds to a
convoluted spiral structure in the trace of the partial sums where the estimate of Sp(θ;m) differs significantly from its
trivial bound
|Sp(θ;m)| ≤ 12 coth
(
1
2m
)
.
2. A representation for Sp(θ;m) in terms of incomplete gamma functions
We apply the Abel–Plana form of the Euler–Maclaurin summation formula as described in [10, p. 290] to the
function f (t) defined by
f (t) = exp
(
− t
m
− iθe−pt/m
)
. (2.1)
Application of Cauchy’s theorem shows that
N−1∑
j=1
f ( j) = 1
2i
∫
C
cotpi t f (t) dt,
where N denotes an arbitrary positive integer and C is a closed path encircling only the poles of the integrand at
t = 1, 2, . . . , N −1 in the positive sense. The path C is now deformed into the rectangle with vertices at±iP , N ± iP
(P > 0), with semi-circular indentations of radius δ < 1 around the points t = 0 and t = N . We denote by C1 and C2
the upper (Im(t) ≥ 0) and lower (Im(t) ≤ 0) parts of this rectangle. Then, since f (t) is holomorphic,∫ N−δ
δ
f (t) dt = −1
2
∫
C1
f (t) dt + 1
2
∫
C2
f (t) dt
and so
N−1∑
j=1
f ( j) =
∫ N−δ
δ
f (t) dt + 1
2
∫
C1
(1− i cotpi t) f (t) dt − 1
2
∫
C2
(1+ i cotpi t) f (t) dt
=
∫ N−δ
δ
f (t) dt +
∫
C1
f (t)
1− e−2pi it dt +
∫
C2
f (t)
e2pi it − 1dt.
Since f (t) = O(1) as y = Im(t) → ±∞ uniformly in Re(t), we can let P → ∞ and N → ∞. As δ → 0, the
integrals round the indentations linking iδ with δ and δ with −iδ both tend to − 14 f (0), and so we obtain
Sp(θ;m) =
∞∑
j=0
′ f ( j) =
∫ ∞
0
f (t) dt + i
∫ ∞
0
f (iy)− f (−iy)
e2piy − 1 dy, (2.2)
where the prime on the summation sign signifies that the first term is halved.
To evaluate the second integral in (2.2) we substitute the identity
1
e2piy − 1 =
K∑
k=1
e−2piky + e
−2piKy
e2piy − 1 ,
where K is an arbitrary positive integer, to find
I = i
∫ ∞
0
f (iy)− f (−iy)
e2piy − 1 dy
= i
K∑
k=1
∫ ∞
0
e−2piky{ f (iy)− f (−iy)}dy + iHK . (2.3)
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The remainder term satisfies
|HK | =
∣∣∣∣∫ ∞
0
e−2piKy
e2piy − 1 { f (iy)− f (−iy)}dy
∣∣∣∣ ≤ ∫ ∞
0
e−(2K+1)piyG(y) dy,
where
G(y) = | sinh{θ sin (pξ)+ iξ}|
sinhpiy
, ξ = y
m
.
It is readily seen that G(0) = √{1 + (pθ)2}/(pim) and that G(y) decays to zero as y → ∞. Furthermore, G(y) is
monotonically decreasing on [0,∞) when χ ≤ χ0 and possesses a single maximum when χ > χ0, where χ is the
auxiliary variable defined in (1.3) and χ0 = 12 + O(m−2). From this it follows that G(y) ≤ G0 on [0,∞), where G0
is a bound that depends only on θ , m and p, and hence
|HK | ≤ G0
∫ ∞
0
e−(2K+1)piydy = G0
(2K + 1)pi . (2.4)
The integrals appearing on the right-hand side of (2.3) can be evaluated as confluent hypergeometric functions
in which the parameters differ by unity, or equivalently in terms of the incomplete gamma function γ (a, x) [1, Eq.
(6.5.29)]. We set
ak = 1p (1+ 2pi ikm) (k ∈ N). (2.5)
Then, from (2.1),∫ ∞
0
f (t) dt =
∞∑
r=0
(−iθ)r
r !
∫ ∞
0
e−(1+pr)t/m dt
= m
∞∑
r=0
(−iθ)r
r !
1
1+ pr = m1F1(a0; 1+ a0;−iθ)
= m
p
(iθ)−a00(a0)P(a0, iθ), (2.6)
where P(a, z) = γ (a, z)/0(a) is the normalised incomplete gamma function. The other integrals in (2.3) can be
evaluated in a similar fashion to give∫ ∞
0
e−2piky f (∓iy) dy = ± im
p
∞∑
r=0
(−iθ)r
r !
1
r + a±k
= ± im
p
(iθ)−a±k0(a±k)P(a±k, iθ).
Then, allowing K →∞, we find from (2.3) and (2.4)
I = m
p
∞∑
k=−∞
k 6=0
(iθ)−ak0(ak)P(ak, iθ). (2.7)
We observe that the late terms in the above sum for I decay like e−iθ/ak = O(k−1) as k → ±∞, since
P(a, z) ∼ zae−z/0(1 + a) as |a| → ∞ in | arg a| < pi [1, Eq. (6.5.12)], but that the divergent parts cancel to
leave a convergent sum.
From (2.2), (2.6) and (2.7), we finally obtain the representation
Sp(θ;m) = mp
∞∑
k=−∞
(iθ)−ak0(ak)P(ak, iθ). (2.8)
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The analysis of this sum for Sp(θ;m) in the limit m →∞ is similar to that described in [15] for an approximation of
the Riemann zeta function high up on the critical line. In order to carry out this procedure, we make use of a suitably
modified form of the uniform asymptotic expansion of the incomplete gamma function P(a, z) which is presented in
the next section.
3. The uniform asymptotic expansion of P(a, z)
The uniform asymptotic expansion of the normalised incomplete gamma function P(a, z) = γ (a, z)/0(a) valid
for |a| → ∞ in | arg a| ≤ pi − δ1 and | arg (z/a)| ≤ 2pi − δ2 (where δ1, δ2 are arbitrarily small positive numbers)
is [17]
P(a, z) = 1− 1
2
erfc(η
√
a/2)− e
− 12 aη2√
2pia
{
n−1∑
r=0
cr (η)a
−r + a−nRn(a, η)
}
(3.1)
for n = 1, 2, . . . , where
1
2
η2 = λ− 1− log λ, λ = z/a, µ = λ− 1, (3.2)
the coefficients cr (η) are determined by
c0(η) = 1
µ
− 1
η
, cr (η) = 1
η
d
dη
cr−1(η)+ γr
µ
(r ≥ 1) (3.3)
and Rn(a, η) is the remainder after n terms.
The γr are the Stirling coefficients that appear in the asymptotic expansion of the scaled gamma function given by
0∗(a) := (2pi)− 12 a 12−aea0(a) ∼
∞∑
r=0
(−)rγra−r (|a| → ∞ in |arg a| < pi); (3.4)
the first few coefficients are γ0 = 1, γ1 = − 112 , γ2 = 1288 , γ3 = 13951840 , . . . . The branch of the square root is chosen so
that η(λ) is analytic in the neighbourhood of η = 0 (z = a), with η ∼ λ− 1 as λ→ 1. The coefficients cr (η) have a
removable singularity at η = 0 and can be written in the form
cr (η) = cˆr (µ)−
(−2)r
(
1
2
)
r
η2r+1
,
where cˆr (µ) denotes the µ-dependent part of cr (η) and2
cˆ0(µ) = 1
µ
, cˆr (µ) = λ
µ
d
dµ
cˆr−1(µ)+ γr
µ
(r ≥ 1). (3.5)
A form of (3.1) more suitable for our purposes in Section 4 uses the modified complementary error function
erfc (z; n) introduced in [15]. This corresponds to the removal from the complementary error function erfc z of the
first n terms of its asymptotic expansion in | arg z| < 34pi , viz.
erfc(z; n) = erfc z − e
−z2
z
√
pi
n−1∑
r=0
(−)r
(
1
2
)
r
z−2r , n = 1, 2, . . . (z 6= 0)
= O(z−2n−1e−z2)
(
|z| → ∞ in | arg z| < 3
4
pi
)
. (3.6)
It is easily established that erfc (z; n) satisfies the reflection formula
erfc(−z; n) = 2− erfc(z; n). (3.7)
2 From (3.2) it follows that (1/η)d/dη = (λ/µ)d/dµ.
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In addition, we introduce the factor Γ ∗(a) in the denominator of the part of the sum over r in (3.1) that involves the
coefficients cˆr (µ) and drop the term of O(a−n) in (3.1). This then produces the level-n approximation
P(a, z) ∼ 1− 1
2
erfc(η
√
a/2; n)− e
− 12 aη2√
2pia
1
0∗(a)
n−1∑
r=0
dr (µ)a
−r , (3.8)
where the coefficients dr (µ) are formed by the Cauchy product of the sum
∑n−1
r=0 cˆr (µ)a−r with the first n terms of
the expansion (3.4) and are given by3
dr (µ) =
r∑
j=0
(−) j+rγr− j cˆ j (µ) =
(
λ
µ
d
dµ
)r 1
µ
. (3.9)
The final form of our level-n approximation for P(a, z) can then be rearranged as
P(a, z) ∼ 1− 1
2
erfc(η
√
a/2; n)− e
− 12 aη2√
2pia
a
0∗(a)
n−1∑
r=0
(−)r dˆr
(aµ)2r+1
(3.10)
as |a| → ∞ uniformly in z in the domains given in (3.1), where the coefficients dˆr are specified by
dˆr = (−)rarµ2r+1dr (µ) = (−)rµ2r+1
(
z
µ
d
dµ
)r 1
µ
(3.11)
using (3.9). The first few of these coefficients consequently have the form
dˆ0 = 1, dˆ1 = z, dˆ2 = z(3z − aµ), dˆ3 = z{15z2 − 10zaµ+ (aµ)2},
dˆ4 = z{105z3 − 105z2aµ+ 25z(aµ)2 − (aµ)3}, . . . . (3.12)
4. The asymptotics of Sp(θ;m) for m→∞ and finite χ
In (2.8) we gave a representation for Sp(θ;m) as a doubly infinite sum over the index k involving the normalised
incomplete gamma functions of imaginary argument P(ak, iθ), where ak is defined in (2.5). To understand how the
terms in this sum behave we first examine the leading behaviour of P(ak, iθ) for large m.
4.1. The leading behaviour of P(ak, iθ)
From (3.8) with z = iθ and n = 1 and 0∗(ak) ∼ 1, we obtain
P(ak, iθ) ∼ 1− 12erfc
(
ηk
√ ( 1
2ak
)
; 1
)
− e
− 12 akη2k
µk
√
2piak
, (4.1)
where the subscript k is added to the quantities η and µ defined in (3.2) in an obvious manner since they depend on
ak . From (3.2), we note that the exponential factor is given by
exp
(
− 12akη2k
)
= e−iθ+ak (iθ/ak)ak . (4.2)
We first deal with the case of positive k, where the structure of P(ak, iθ) changes abruptly in the neighbourhood
of the transition point given by ak = iθ ; that is, when k ' χ , where we recall that χ := pθ/(2pim) is the auxiliary
variable defined in (1.3). The locus of ηk in the complex-η plane is such that Re(ηk) > 0 when 1 ≤ k < χ and
Re(ηk) < 0 when k > χ , with Im(ηk) being small and positive; see Fig. 2(a). When Re(ηk) > 0, the magnitude
3 This follows from repeated use of (3.5) combined with the relation [16, p. 33]
∑r
j=0(−) jγ jγr− j = 0 (r ≥ 1).
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Fig. 2. (a) The locus of ηk in the complex η-plane for P(ak , iθ) when k ≥ 1 (lower curve not to scale) and k < 0 (upper curve). (b) The magnitude
of the terms in the sum I in (2.7) against ordinal number k when m = 40, θ = 1800 and p = 2. The terms corresponding to k < 0 have been
multiplied by a factor of 5 for clarity.
of the modified complementary error function in (4.1) is of lower order than the term containing the exponential,
which is O(m− 12 ) since, from (4.2), |e− 12 akη2k | ' (χ/k)1/p for k ≥ 1 and large m. When Re(ηk) < 0, we have
pi < arg (ηk
√
( 12ak)) <
5
4pi so that, by (3.6) and (3.7), the modified complementary error function has the value ' 1.
On the other hand, when k is negative we have 12pi < arg ηk < pi (see Fig. 2(a)), so that
1
4pi < arg (ηk
√
( 12ak)) <
3
4pi .
In this case the last two terms in (4.1) are both exponentially large as m → ∞, with the last term dominant. We
therefore obtain the leading behaviour away from the transition point
P(ak, iθ) ∼

1 (1 ≤ k < χ),
− e
− 12 akη2k
µk
√
2piak
(k > χ, k < 0).
(4.3)
We remark that the exponential term in (4.3) is large when k < 0. However, in the sum I in (2.7), this growth is
cancelled by the factor (iθ)ak0(ak), which is exponentially small when k < 0. The terms uk := (iθ)−ak0(ak)P(ak, iθ)
in I consequently possess the leading behaviour
|uk | ∼ (p/m)1/2 χ−1/pk1/p−1/2 (1 ≤ k < χ), uk ∼ − e
−iθ
akµk
(k > χ, k < 0).
The terms in the sum I therefore decay rapidly for k < 0 and k > χ , while those corresponding to 1 ≤ k < χ (away
from the transition point) have a modulus that is weakly dependent on k to leading order; when p = 2 these terms
have a modulus that is approximately independent of k. The behaviour of the terms in I is illustrated in Fig. 2(b) in
the particular case p = 2, where P(ak, iθ) is seen to change abruptly in the neighbourhood of the transition point
k ' χ as predicted by (4.3).
4.2. The asymptotic approximation for Sp(θ;m)
We now derive an asymptotic approximation for Sp(θ;m) using the level-n approximation for P(ak, iθ) in (3.10)
in the form
P(ak, iθ) ∼ 1− 12erfc
(
ηk
√ ( 1
2ak
)
; n
)
− e
− 12 akη2k√
2piak
ak
0∗(ak)
n−1∑
r=0
(−)r dˆr
(akµk)2r+1
(4.4)
for n = 1, 2, . . . , valid for large m uniformly in |k| ≥ 1. The modified complementary error function erfc (z; n) is
defined in (3.6), 0∗(ak) is the scaled gamma function in (3.4) and the coefficients dˆr are specified in (3.12). This
approximation is valid provided χ is not close, or equal, to an integer value (where ηk and µk ' 0). In terms of the
parameters defined in (2.5) and (3.2), together with
κ = k + 1
2pi im
, ak = 2pi imκp ,
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we have
m
p
(iθ)−ak0(ak) = e−pi i/4
√
m
p
Ak, Ak = κ− 120∗(ak) exp
{
iκθ
χ
log
(
κ
eχ
)}
. (4.5)
Then, substitution of (4.4) into (2.7), together with the use of the reflection formula (3.7), shows that
I ∼ e−pi i/4
√
m
p
∑
1≤k<χ
Ak + En(θ;m)− mp e
−iθ
n−1∑
r=0
∞∑
k=−∞
k 6=0
(−)r dˆr
(akµk)2r+1
, (4.6)
where
En(θ;m) := 12
√
m
p
e−pi i/4
∞∑
k=−∞
k 6=0
ωk Ak erfc
(
−ωkηk√
(
1
2ak
)
; n
)
(4.7)
and ωk = +1 (k > χ ), −1 (k < χ ). We remark that an exponentially small contribution in En(θ;m), resulting from
the term unity on the right-hand side of (4.4) when k < 0, has been neglected.
It now remains to evaluate the coefficients in the double sum in (4.6). For this we write
akµk = iθ − ak = 2pi imp (χˆ − k), χˆ = χ +
i
2pim
. (4.8)
Then
im
p
∞∑
k=−∞
k 6=0
1
(akµk)q+1
= 1
q!
(
ip
2pim
)q ( d
dχˆ
)q
g(χˆ) (q = 1, 2, . . .),
where
g(χˆ) = im
p
∞∑
k=−∞
k 6=0
1
akµk
= 1
2pi
∞∑
k=−∞
k 6=0
1
χˆ − k
= χˆ
pi
∞∑
k=1
1
k2 − χˆ2 =
1
2
(
cotpiχˆ − 1
piχˆ
)
. (4.9)
The double sum in (4.6) then becomes
−m
p
e−iθ
n−1∑
r=0
∞∑
k=−∞
k 6=0
(−)r dˆr
(akµk)2r+1
= ie−iθ
n−1∑
r=0
(
i p
2pim
)r Dr
r ! , (4.10)
where, from the representation of the coefficients dˆr in (3.12), the coefficients Dr are given by
D0 = g(χˆ), D1 = 12χg
(2)(χˆ), D2 = 13χg
(3)(χˆ)+ 1
4
χ2g(4)(χˆ),
D3 = 14χg
(4)(χˆ)+ 1
2
χ2g(5)(χˆ)+ 1
8
χ3g(6)(χˆ),
D4 = 15χg
(5)(χˆ)+ 5
6
χ2g(6)(χˆ)+ 1
2
χ3g(7)(χˆ)+ 1
16
χ4g(8)(χˆ), . . . .
(4.11)
Collecting together the results in (2.8), (4.6) and (4.10), we finally obtain the level-n approximation for Sp(θ;m)
in the form
Sp(θ;m) ∼ e−pi i/4
√
m
p
{
A0P(a0, iθ)+
bχc∑
k=1
Ak
}
+ En(θ;m)
+ ie−iθ
n−1∑
r=0
(
ip
2pim
)r Dr
r ! (n = 1, 2, . . .) (4.12)
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Fig. 3. Magnitude of the terms (on a log10 scale) in En(θ;m) against ordinal number k for m = 200, θ = 4750, p = 2 (χ .= 7.56) for different
approximation levels n.
valid as m →∞ and for finite values of the variable χ not close to an integer. When χ < 1, the finite main sum over
k is empty. An important feature in the applicability of (4.12) is the rapid decay of the terms in the sum En(θ;m)
away from k = bχc. Depending on the desired level of approximation, only a few terms of this sum on either side of
k = bχc are normally required. In Fig. 3 we illustrate the typical decay of the terms in En(θ;m) for different values
of the approximation level n in a particular case.
5. The asymptotic approximation of Sp(θ;m) for near-integer values of χ
A difficulty with (4.12) arises whenever χ is equal, or nearly equal, to an integer. We set χ = M + , where
M = [[χ ]] denotes the nearest integer part of χ and − 12 <  ≤ 12 . Then, when  ' 0 and k = k∗ = M , the
corresponding values of ηk and µk will be close to zero. This will result in large terms appearing in En(θ;m) and the
coefficients Dr , which although they cancel, will result in a loss of numerical accuracy. To overcome this difficulty we
proceed in a similar manner to that described in [15] and simply leave the term corresponding to k = k∗ = M
in the sum I as it stands and delete the corresponding terms from En(θ;m) and the coefficients Dr . The term
(iθ)−aM0(aM )P(aM , iθ) can then either be computed directly or by using the asymptotic expansion (3.1) with the
coefficients cr (ηM ) evaluated using their regularised forms [5].
We write
E∗n (θ;m) :=
1
2
√
m
p
e−pi i/4
∞∑
k=−∞
k 6=0, k∗
ωk Ak erfc
(
−ωkηk√
(
1
2ak
)
; n
)
and, from (4.8) where we put χˆ − k∗ = ˆ, ˆ =  + i/(2pim),
im
p
∞∑
k=−∞
k 6=0, k∗
1
(akµk)q+1
=
(
ip
2pim
)q { 1
q!
(
d
dχˆ
)q
g(χˆ)− (−)
q
2piˆq+1
}
,
= 1
q!
(
ip
2pim
)q ( d
dχˆ
)q (
g(χˆ)− 1
2piˆ
)
.
The coefficients D∗r then have the same form as Dr in (4.11), but with g(χˆ) replaced by g(χˆ)− 1/(2piˆ). It is easily
seen that g(χˆ) − 1/(2piˆ) = 1/(2piχˆ) − 13piˆ − 145 (piˆ)3 − · · · for small ˆ, which is regular at ˆ = 0; similarly the
derivatives of this expression are all regular at ˆ = 0. The modified form of the level-n approximation for Sp(θ;m)
then becomes
Sp(θ;m) ∼ e−pi i/4
√
m
p
{
A0P(a0, iθ)+ AM P(aM , iθ)+
[[χ ]]−1∑
k=1
Ak
}
+ E∗n (θ;m)
+ ie−iθ
n−1∑
r=0
(
ip
2pim
)r D∗r
r ! (n = 1, 2, . . .) (5.1)
valid as m →∞ uniformly in χ = M +  for − 12 <  ≤ 12 .
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Table 1
Values of the absolute error in the computation of Sp(θ;m) for different approximation level n when p = 2, m = 1000
n θ = 1000 θ = 2500 θ = 3100 θ = 3200 θ = 4000
(χ
.= 0.32) (χ .= 0.80) (χ .= 0.99) (χ .= 1.02) (χ .= 1.27)
1 1.686× 10−5 6.665× 10−4 6.034× 10−4 5.910× 10−4 5.381× 10−4
2 1.003× 10−9 8.768× 10−9 7.426× 10−9 7.583× 10−9 4.242× 10−9
3 1.304× 10−12 2.157× 10−12 1.713× 10−12 1.914× 10−12 4.532× 10−12
4 2.691× 10−15 2.681× 10−16 1.572× 10−15 2.092× 10−15 2.772× 10−14
5 6.429× 10−18 5.407× 10−19 4.423× 10−18 6.390× 10−18 1.748× 10−16
Table 2
Values of the absolute error in the computation of Sp(θ;m) with approximation level n = 5 for different values of p, m and θ
θ/pi p = 1, m = 500 p = 2, m = 800 p = 3, m = 1600
500 3.281× 10−16 4.659× 10−19 1.161× 10−16
900 1.667× 10−18 7.157× 10−17 6.054× 10−19
1800 2.092× 10−16 2.126× 10−15 4.912× 10−16
3500 1.005× 10−13 8.021× 10−14 2.284× 10−15
5000 6.196× 10−13 4.486× 10−14 9.926× 10−15
8000 4.023× 10−12 1.504× 10−11 7.127× 10−13
θ/pi p = 0.5, m = 2000 p = 1.5, m = 2000 p = 3, m = 1000
500 6.217× 10−23 4.978× 10−18 2.361× 10−18
900 8.855× 10−22 1.662× 10−20 4.265× 10−15
1800 1.030× 10−19 1.333× 10−16 1.717× 10−14
3500 1.281× 10−21 1.366× 10−15 6.624× 10−14
5000 1.222× 10−19 7.602× 10−16 4.282× 10−14
8000 2.717× 10−21 3.927× 10−11 1.126× 10−14
6. Numerical results and discussion
We present the results of numerical calculations using the expansions in (4.12) and (5.1) truncated after n ≤ 5
terms. In Table 1 the absolute value of the error in the computation of Sp(θ;m) is given for several values of m,
θ and different approximation levels n. The values of the parameters chosen correspond to the presence of a single
(principal) spiral (χ < 1) or the principal spiral plus the beginnings of a small curlicue emanating from the origin
(χ > 1); compare Fig. 1(a), (b). The first column has been obtained by using (4.12) with the remaining values obtained
from the modified expansion (5.1). The number of terms used in the sum En(θ;m) throughout the calculations was at
most 5 on either side of the value k = bχc. The exact value of Sp(θ;m) was obtained by high-precision summation
of (1.1).
In Table 2 we have carried out the computations with a fixed approximation level of n = 5 for different parameters
corresponding to a range of χ values up to 12. These results have been obtained by using (5.1), except when χ ≤ 12 .
In Fig. 4 we compare the absolute value of the error in the expansions in (4.12) and (5.1) with n = 5 as a function of θ
for two different values of m and p. It can be seen that the expansion (4.12) is most accurate in the neighbourhood of
half-integer values of χ and that the accuracy progressively deteriorates as χ approaches integer values. The expansion
(5.1), on the other hand, yields greatest accuracy in the neighbourhood of integer values of χ and is least accurate
when χ equals a half-integer value. We remark that the minimum accuracy of (5.1) is comparable to the maximum
accuracy of (4.12).
From the large-argument asymptotics of the incomplete gamma function [1, Eq. (6.5.32)] applied to (2.6) we find
m
p
(iθ)−1/p0(1/p) P(1/p, iθ) = m
p
(iθ)−1/p {0(1/p)− 0(1/p, iθ)}
= m0
(
1+ 1
p
)
exp
(
− pi i
2p
)
θ−1/p − e
−iθ
2pi iχ
{1+ O(θ−1)}
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Fig. 4. The absolute error (on a log10 scale) in the expansions (4.12) (solid curve) and (5.1) (dashed curve) with n = 5 as a function of θ when (a),
(b) m = 200, p = 2 and (c), (d) m = 500, p = 3. The positions of integer values of χ are indicated.
for large θ . Substitution of this result into the leading form of (4.12) (with n = 1) then produces the two-term
approximation
Sp(−θ;m) ' m 0
(
1+ 1
p
)
exp
(
pi i
2p
)
θ−1/p + e
iθ
2i
cot piχ
for large m and θ such that χ < 1. From (1.2), this yields the leading approximation for the incomplete Gauss sum
Gp(x;m) for small x given by
Gp(x;m) ' 0
(
1+ 1
p
)
exp
(
pi i
2p
)
(pix)−1/p + e
iθ
e2pi iχ − 1
valid when
(pix)−1/p  m <
(
1
2
px
)−1/(p−1)
,
where θ = pixm p and χ = 12 pxm p−1. This result agrees with that obtained in [6,12], which give expansions forGp(x;m) holding in the principal spiral, and with that in [7, Section 3.7] which obtained only the leading term
proportional to x−1/p. An expansion for the quadratic incomplete Gauss sum G2(x;m) which holds for arbitrary finite
values of χ = mx has recently been given in [13].
We remark that the term in (4.12) that accounts for the contribution made by the series of small curlicues when
χ > 1 is given by the sum
∑
1≤k<χ Ak , where Ak is defined in (4.5). For large m, the leading-order approximation
for this contribution is
e−pi i/4
√
m
p
χ−1/p
∑
1≤k<χ
k(2−p)/(2p) exp
{
ik
χ
log
(
k
eχ
)}
,
from which it can be seen that the ‘quadratic’ case p = 2 is a borderline case separating situations in which the factor
k(2−p)/(2p) either increases or decreases with k.
Finally, we mention an alternative expansion for Sp(θ;m) which does not involve the error function but which is
valid only for χ < 1. From the discussion in Section 1, values of m and θ satisfying χ < 1 correspond to the situation
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where the trace of the partial sums of Sp(θ;m) in the complex plane consists of a single spiral; see Fig. 1(a). Instead
of expanding the denominator of the integrand in (2.2) as we did in Section 2, we can substitute the Taylor series
expansions for f (±iy) to obtain the Euler–Maclaurin summation formula [10, p. 285] in the form
Sp(θ;m) = m1F1(a0; 1+ a0;−iθ)−
j∑
s=1
B2s
(2s)! f
(2s−1)(0)+ R j (θ;m), (6.1)
where a0 = 1/p, the quantities B2s are the Bernoulli numbers and R j (θ;m) is the remainder term that involves an
integral of f (2 j)(t) over [0,∞). From (2.1), the derivatives of f (t) evaluated at t = 0 can be shown to be given by
f (n)(0) = (−2pi iχ)ne−iθhn(θ; p), hn(θ; p) =
n∑
j=0
(−ipθ)− j
j∑
k=0
(
n
n − j + k
)
pmS/(n− j)n− j+k
for positive integer n, where S/( j)n is the Stirling number of the second kind [1, p. 824]. This form of the expansion
is discussed in [14], where it is shown that |hn+1(θ; p)/hn(θ; p)| = O(n/ log n) as n → ∞. Since |B2s |/(2s)! ∼
2/(2pi)2s as s →∞, the sum appearing in (6.1) consequently diverges with the terms presenting an initial decay only
when χ < 1.
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